Received: August 8, 2001, Accepted: September 5, 2001

HYPER VERSION

Path integral formulation of noncommutative quantum mechanics

Ciprian Acatrinei

Department of Physics, University of Crete P.O. Box 2208, Heraklion, Greece, and National Institute of Nuclear Physics and Engineering P.O. Box MG-6, Bucharest, Romania E-mail: acatrine@physics.uoc.gr.

Abstract: We propose a phase-space path integral formulation of noncommutative quantum mechanics, and prove its equivalence to the operatorial formulation. As an illustration, the partition function of a noncommutative two-dimensional harmonic oscillator is calculated.

Keywords: Statistical Methods, Non-Commutative Geometry.

Noncommutative quantum mechanics represents a natural extension of usual quantum mechanics, in which one allows nonvanishing commutators also between the coordinates, and between the momenta. Denoting the coordinates and the momenta collectively by {x_i}, in (2 + 1)-dimensions one has the commutation relations

[x_i, x_j] = iΘ_{ij} , x_{1,2,3,4} = q_1, q_2, p_1, p_2 , (1)

where the antisymmetric matrix Θ_{ij} = (ω^{−1})_{ij} is given by

Θ = 0 θ 1 0 −θ 0 0 1 −1 0 0 σ 0 −1 −σ 0 i.e. ω = 1 1 − θσ 0 σ −1 0 −σ 0 0 −1 1 0 0 θ 0 1 −θ 0 . (2)

The purpose of this note is to provide a path integral formulation of quantum dynamics, which is consistent with (1) and (2). We will propose a phase-space path integral, and derive from it the commutation relations (1) and the extended Heisenberg equations of motion. Conversely, we will start from the operatorial formalism and derive the above mentioned path-integral. As an illustration, the partition function of a two-dimensional harmonic oscillator will be calculated, and compared to the commutative case. Although we work in a (2 + 1)-dimensional space-time, our considerations can be easily extended to higher dimensional spaces.

An interesting path integral approach to noncommutative (à la Connes) spaces was given in [1]. Some classical aspects of noncommutative mechanics were described in [2]. Noncommutative quantum mechanics generated much interest recently: a partial list of references can be found in [3]; attempts to introduce path integrals appeared in [4]. For some earlier work relevant to our topic, see [5] and references therein.

Let us start from the classical action S = ∫_T 0 dt ( 1 2 ω_{ij}x_iẋ_j − H(x) ) , x_{1,2,3,4} = q_1, q_2, p_1, p_2 , (3)

where ω = (Θ)^{−1}, and H is the hamiltonian of the system. The Hamilton equations of motion (which are derived through variation of (3), under the requirement δx_i|_{0,T} = 0, i = 1, 2, 3, 4) and the basic Poisson brackets are ẋ_i = {x_i, H} = Θ_{ij} ∂H ∂x_j , {x_i, x_j} = Θ_{ij} . (4)

Above, the extended Poisson bracket is {A, B} ≡^{∂A}_{∂xi} Θ_{ij}^{∂B}_{∂xj} .

For nonlinear systems, i.e. higher than quadratic actions, and if θ ≠ 0, equations (4) do not admit a lagrangian formulation [2]. Thus, in general, one can at best hope for a phase-space path integral formulation of the quantum theory corresponding to the action (3).

This is provided by the path integral Z = ∫ 4∏ k=1 Dx_ke^{iS} = ∫ 4∏ k=1 Dx_ke^i ∫ dt(^1_2 ωij xiẋj −H(x)). (5)

The prescription (5) is simple: if [x̂_i, x̂_j] = iΘ_{ij} then Z = ∫ Dxe^{i ∫ dt(Θ} �1_{ij}^xi^ẋj_{2 −H)} , and general: it applies to any hamiltonian H. The physical meaning of the above path integral will become clear when we will derive it from the canonical formalism. To find the commutation relations and the operatorial equations of motion enforced by (5) — our first task, all we need to know is that Z represents a transition amplitude between two states of a given Hilbert space, and that time-ordering of operators is enforced, as usual, by the path integral, ∫ DxO_1O_2e^{iS} = ⟨T {Ô_1Ô_2}⟩.

To derive in an elementary way the commutation relations enforced by (5), we discretize the path integral: Z ≃ ∫ N∏ (n)=1 4∏ k=1 Dx^{(n)}_k e^i ∑ (n) (_1

2 ω_{ij} x^{(n)}_i (x^{(n+1)}_j −x^{(n}�^{1)}_j )−ϵH(x^{(n)}_i ) ) ; (6)

ϵ is the time increment, ϵ = T/N, and x^{(n)}_i is the value of the phase space variable x_i at time t_0 +nϵ, n = 0, 1, 2, . . . , N. Let us consider the expectation value of ∂Ô/∂x̂^{(n)}_k , where Ô(x̂_i) is an operator depending on the x̂_i’s. Integrating by parts under the path integral (6), one gets ⟨ ∂Ô ∂x̂^{(n)}_k ⟩ = −i ⟨ T {Ô(x̂_i), ∂S̃ ∂x̂^{(n)}_k ⟩ . (7)

T { , } represents the time-ordering of operators, which means (n)-ordering in the discrete case. S̃ is the discretized form of the action, and ∂S̃/∂x̂^{(n)}_k = ω_{kj}(x̂^{(n+1)}_j − x̂^{(n−1)}_j ) − ϵ∂Ĥ/∂x̂^{(n)}_k . Choosing Ô = x̂_i, converting the (n)-ordering into a commutator, and taking then the continuum limit ϵ → 0, (7) becomes ∑ j ω_{ij}[x̂_j , x̂_k] = iδ_{ik}, (8)

which implies [x̂_i, x̂_j] = iΘ_{ij} = i(ω^{−1})_{ij}, i.e. the commutation relations (1).

To derive the Heisenberg equations of motion as well, we choose Ô proportional to the identity operator. Then, one gets ∂S̃/∂x̂^{(n)}_k = 0, leading to ω_{ij}^d_{dt}x̂_j = ∂Ĥ/∂x̂_j . Solving for^d_{dt}x̂_i, one obtains d dt x̂_i = Θ_{ij} ∂Ĥ ∂x̂_j = −i[x̂_i, Ĥ] , (9)

which are the extended Heisenberg equations of motion (the quantum form of (4), with { , }_{P B} → −i[ , ]).

Having derived the commutation relations and the operator equations of motion from the path integral, we now proceed to do the opposite, in order to show the equivalence between the path integral and the canonical formulations.

To work within the canonical formalism, we need a complete basis in the Hilbert space of the theory. Since [p̂_i, ϵ_{ij}q̂_j] = 0, such a basis is provided, for instance, by the set of eigenvectors of q̂_1 and p̂_2, {|q_1, p_2⟩}, or alternatively by {|q_2, p_1⟩}.

We want to calculate the transition amplitude

A = ⟨q_1, p_2|e^{−iĤT} |q^{(0)}_1 , p^{(0)}_2 ⟩, (10)

between two states with prescribed position along the first axis of coordinates, and well defined momentum along the second axis. In what follows, we will need ⟨q_1, p_2|q_2, p_1⟩. To evaluate it, let us first notice that (1) implies

e^{iβp̂1} |q_1, p_2⟩ = |q_1 − β, p_2 + βσ⟩ (11) e^{iγq̂2} |q_1, p_2⟩ = |q_1 − γθ, p_2 + γ⟩ . (12)

On a wave function ψ(q_1, p_2) = ⟨q_1, p_2|ψ⟩, the operators p̂_1 and q̂_2 will consequently act as follows: p̂_1 = 1 i (∂_{q1} − σ∂_{p2} ) q̂_2 = 1 i (θ∂_{q1} − ∂_{p2} ). (13)

This implies

q_2⟨q_1, p_2|q_2, p_1⟩ = i(∂_{p2} − θ∂_{q1} )⟨q_1, p_2|q_2, p_1⟩ (14) p_1⟨q_1, p_2|q_2, p_1⟩ = i(−∂_{q1} + σ∂_{p2} )⟨q_1, p_2|q_2, p_1⟩ , (15)

and we end up with

⟨q_1, p_2|q_2, p_1⟩ = 1 2 exp ( i 1 − θσ (q_1p_1 − q_2p_2 + θp_1p_2 − σq_1q_2) ) . (16)

We can now proceed to derive a path integral expression for (10). For simplicity, we consider hamiltonians of the form H =^1_{2m} (p^2_1 + p^2) + V (q_1, q_2). (A magnetic field σ is already present due to [p_1, p_2] = iσ ≠ 0). Since what follows is a variation of the standard procedure, only the main steps needed to calculate (10) will be mentioned. First, we divide the time interval T into N + 1 short intervals, such that terms of the order (T/N)^2 are negligible. Then, we insert N unity operators of the form ∫ dq^{(n)}_1 ∫ dp^{(n)}_2 | | |q^{(n)}_1 , p^{(n)}_2 ⟩ ⟨ q^{(n)}_1 , p^{(n)}_2 | | | , (n) = 1, 2 . . . , N , (17)

followed by other N + 1 unity operators ∫ dq^k_2 ∫ dp^k_1 | |q(n)_2 , p(n)_1 ⟩ ⟨q(n)_2 , p(n)_1 | | , (n) = 1, 2 . . . , N + 1 . (18)

At this stage, there are no more operators in (10), and one uses (16). Taking the continuum limit results in

⟨q_1, p_2|e^{−iĤt}|q^{(0)}_1 , p^{(0)}_2 ⟩ = ∫ Dq_1Dq_2Dp_1Dp_2e^{i ∫ dt( p1q̇1} �q_2ṗ_2+θp_1ṗ_2�σq_2q̇_1 1�θσ^{−H)} , (19)

which, after integration by parts in the action term, is precisely (5). We have thus found a natural path integral formulation of quantum mechanics on noncommutative phase-space.

Several remarks are in order: First, one should notice the easiness with which noncommutativity is introduced at the level of the path integral. The additional quadratic couplings among phase space variables would not complicate substantially the evaluation of a noncommutative partition function, once the commutative case is under control. In contrast, nonzero θ and σ enter in a somehow more complicated way at the level of the equations of motion (9).

Second, we assumed that [p̂_i, ϵ_{ij}q̂_j] = 0. If one allows nonvanishing commutators [q̂_1, p̂_2] and [q̂_2, p̂_1] too, one can easily show that all the four operators x̂_i, which now act on a reduced Hilbert space spanned by the eigenvectors of only one of them, are proportional to each other. This contradicts the commutation relations. Consequently, we did not consider such nonvanishing commutators in the previous analysis.

Finally, an important particular case appears when the matrix Θ is singular, namely when θσ = 1. In this case,

q̂_1 = −θp̂_2 q̂_2 = θp̂_1 (20)

and the initial two-dimensional (2D) problem reduces to a 1D one. The price to pay is, in general, that the 1D hamiltonian will be nonlinear in both the coordinates and the momenta. The dimensionally reduced path integral is, in the notation q = q_1 = −θp_2, p = p_1 = (1/θ)q_2, ∫ DqDpe^i ∫ dt(pq̇−^{p2}_{2m} −^{q2}_{2mθ2} −V (q,θp)) . (21) V has the same functional form as the initial 2D potential V (q_1, q_2). A (singular) noncommutative theory living in two space dimensions is equivalent to a particular commutative one living in one spatial dimension.

Let us illustrate our considerations with an example, namely the partition function of a 2D noncommutative harmonic oscillator of mass m and frequency ω. The hamiltonian is H_{h.o.} =^{p21+p2}_{2m} +^{mω2}_2 (q^2_1 + q^2), and we want to evaluate, for nondegenerate ω, the partition function z = ∫ x_k(0)=x_k(T ) ∏ k Dx_ke^{i ∫ T0 dt(ωij xiẋj /2−Hh.o.)} . (22)

We consider periodic boundary conditions, x_i(0) = x_i(T ), for simplicity. Developing in Fourier modes, x_i(t) = ∑ n x^{(n)}_i e^{2πnt/T} , (23) one can reexpress the action as a function of the x^{(n)}_i ’s, then integrate on the x^{(n)}_i ’s, to obtain z ∼ ∏ n Δ^{−1}_n , where

Δ_n = det −mω^2 iαnθ iαn 0 −iαnθ −mω^2 0 iαn −iαn 0 −1/m iαnσ 0 −iαn −iαnσ −1/m , α = 2π (1 − θσ)T . (24)

Obviously, when θ = 0 and σ = 0, z becomes the usual, commutative, partition function, which we denote by z0. The easiest way to proceed is to compare z and z0. Due to the gaussian integrations, their ratio is given by z z0 = ∞∏ n=1 Δ^0_n Δ_n

, Δ^0_n ≡ Δ_n(θ = 0, σ = 0) . (25)

While evaluating (25), one encounters a divergent infinite product, which we zetafunction regularize, via ∑ k≥1 1 = lim_{s→0} ζ(s) = −^1_2 : ∏_∞ n=1(1 − θσ)^2 → (1 − θσ)^{−1}.

Finally, using ∏_∞ n=1(1 −^{a2}_{n2} ) =^{sin(πa)}_{πa} , one obtains z = z0 (1 − θσ) × sin^2(ωT/2) sin(ω_1T/2) sin(ω_2T/2)

. (26)

Apart from the phase-space volume factor 1/(1 − θσ), noncommutativity just trades the isotropic oscillator for an anisotropic one, with frequencies ω_1 = ωA_1 and ω_2 = ωA_2. The correction factors A_{1,2} are

A_{1,2} = 1 + 1 2 ( (θmω)^2 + ( σ mω )_2) ± 1 2 ( θmω + σ mω )_2 √ 4 + ( θmω − σ mω )_2

. (27)

If ω = 0 (free noncommutative particle) then θ plays no role, and

z(ω = 0) = z0(ω = 0) × (T σ/2m) sin(T σ/2m) , (28)

which is the partition function of a 2D particle in a magnetic field σ.

If θσ = 1, it is easily seen that an isotropic 2D noncommutative harmonic oscillator reduces to a 1D commutative one, with mass M =^m_{1+θ2ω2m2} and frequency Ω = 1/θM. Acknowledgments

I am grateful to Gianpiero Mangano for fruitful discussions. I thank the HEP theory group of the University of Crete for kind hospitality, and MURST (Italy) for financial support.

References

[1] G. Mangano, Path integral approach to noncommutative spacetimes, J. Math. Phys. 39 (1998) 2584 [gr-qc/9705040].

[2] C. Acatrinei, Comments on noncommutative particle dynamics, hep-th/0106141.

[3] L. Mezincescu, Star operation in quantum mechanics, hep-th/0007046;

V.P. Nair and A.P. Polychronakos, Quantum mechanics on the noncommutative plane and sphere, Phys. Lett. B 505 (2001) 267 [hep-th/0011172];

B. Morariu and A.P. Polychronakos, Quantum mechanics on the noncommutative torus, Nucl. Phys. B 610 (2001) 531 [hep-th/0102157];

C. Sochichiu, A note on noncommutative and false noncommutative spaces,

hep-th/0010149;

J. Gamboa, M. Loewe and J.C. Rojas, Non-commutative quantum mechanics, Phys. Rev. D 64 (2001) 067901 [hep-th/0010220];

A. Jellal, Orbital magnetism of two-dimension noncommutative confined system,

hep-th/0105303;

S. Bellucci, A. Nersessian and C. Sochichiu, Two phases of the non-commutative quantum mechanics, hep-th/0106138.

[4] M. Chaichian, A. Demichev, P. Presnajder, M.M. Sheikh-Jabbari and A. Tureanu, Aharonov-bohm effect in noncommutative spaces, hep-th/0012175; H.R. Christiansen and F.A. Schaposnik, Noncommutative quantum mechanics and rotating frames, hep-th/0106181.

[5] G. Dunne and R. Jackiw, ‘Peierls substitution’ and Chern-Simons quantum mechanics, Nucl. Phys. 33C (Proc. Suppl.) (1993) 114 [hep-th/9204057].